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In this paper, we detail an orthogonalization procedure that allows for the quantification of the
amount of coherence present an arbitrary superposition of coherent states. The present construction
is based on the quantum coherence resource theory introduced by Baumgratz et al. [10], and the co-
herence resource monotone that we identify is found to characterize the nonclassicality traditionally
analyzed via the Glauber-Sudarshan P distribution. This suggests that identical quantum resources
underlie both quantum coherence in the discrete finite dimensional case and the nonclassicality of
quantum light. We show that our construction belongs to a family of resource monotones within
the framework of a resource theory of linear optics, thus establishing deeper connections between
the class of incoherent operations in the finite dimensional regime and linear optical operations in
the continuous variable regime.
I. INTRODUCTION
The remarkable differences between the classical the-
ories and quantum theories have long been a captivat-
ing and fruitful area of study for physicists, culminat-
ing in recent decades in the realization that such dif-
ferences can used to perform a variety of useful informa-
tional tasks [1]. Subsequent developments have led to the
identification and quantification of nonclassical quantum
properties such as quantum entanglement [2], nonlocal-
ity [3] and quantum discord [4]. These remain intense ar-
eas of research, with new applications that exploit these
nonclassical properties still being found [5–9].
A fairly recent development in the quantum resources
arena is the introduction of a resource theory of quantum
coherence by Baumgratz et al. [10]. This resource the-
ory draws its primary inspiration from a similar program
that was successful in the study of entanglement [11].
Adopting this approach for quantum coherence necessar-
ily requires the assumption of some natural basis which is
assumed to form an orthonormal set {|i〉} where states |i〉
are typically considered to be “classical”. Since the ini-
tial proposal by Baumgratz et al. [10], other variations of
such resource theories have also been explored [12]. For
our purposes, we will limit our attention to the version
originally proposed in [10]. Recent literature have ap-
plied this resource theory to the study of a diverse range
of topics, such as quantum correlations [13, 14], interfer-
ometric experiments [15] and quantum estimation [16].
The aforementioned resource theory of coherence typ-
ically considers finite dimensional quantum systems. At
the opposite end of the spectrum, we may also consider
its application in the infinite dimensional (or continuous
variable) regime, of which quantum systems of light is a
prime example. Recent attempts to quantify the coher-
ence in such systems have mainly focused their attention
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on the Fock basis {|n〉}, assuming that Fock diagonal
states are the free “classical” resource in the infinite di-
mensional regime [17, 18].
This approach is however, in diametric opposition to
the traditional notions of classical light based on the
Glauber-Sudarshan P representation of the state of the
electromagnetic field. Indeed, Fock states are decidedly
nonclassical [19, 20]. The most general notion of classi-
cal light have already been extensively studied since the
1960s [21–24], and it is well established that the quan-
tum states of light that most closely resemble classical
light fields, both in photon statistics and dynamics, are
the so-called coherent states [25]. It is therefore desirable
that any quantification of quantum coherence for quan-
tum states of light involves the set of coherent states.
Unfortunately, the set of coherent states is overcomplete;
in particular, the coherent states do not form a mutually
orthonormal set, and therefore do not permit the direct
application of the resource theoretical approach outlined
in [10].
The question is then the following: suppose we would
like to consider the coherence with respect to the set of
coherent states {|α〉}, how do we quantify this and in
what sense is it nonclassical? In this paper, we propose
a resolution to this problem. In so doing, we will demon-
strate that the quantum resource identified by Baum-
gratz et al. [10] is essentially the same as the notion of
nonclassicality identified by Glauber [25]. We will also
demonstrate that this nonclassical resource is closely re-
lated to what we refer to as a resource theory of linear
optics.
II. PRELIMINARIES
We will adopt the axiomatic approach for coherence
measures as shown in Ref. [10]. The essential ingredients
are as follows.
For a fixed basis {|i〉}, the set of incoherent states I is
the set of quantum states with diagonal density matrices
2with respect to this basis. Given this, we say that C is
a measure of quantum coherence if it satisfies following
properties: (C1) C(ρ) ≥ 0 for any quantum state ρ and
equality holds if and only if ρ ∈ I. (C2a) The measure is
non-increasing under incoherent completely positive and
trace preserving maps (ICPTP) Φ , i.e., C(ρ) ≥ C(Φ(ρ)).
(C2b) Monotonicity for average coherence under selec-
tive outcomes of ICPTP: C(ρ) ≥
∑
n pnC(ρn), where
ρn = KˆnρKˆ
†
n/pn and pn = Tr[KˆnρKˆ
†
n] for all Kˆn with∑
n KˆnKˆ
†
n = 1 and KˆnIKˆ
†
n ⊆ I. (C3) Convexity, i.e.
λC(ρ)+ (1−λ)C(σ) ≥ C(λρ+(1−λ)σ), for any density
matrix ρ and σ with 0 ≤ λ ≤ 1.
We will also frequently make reference to the set of
coherent states which we denote by {|α〉}. (For an
overview, see for instance [26]). It is known that every
quantum state of light ρ permits a representation that is
diagonal with respect to coherent states, i.e.
ρ =
∫
d2αP (α) |α〉 〈α|
where the coefficient P (α) is called the Glauber-
Sudarshan P distribution [27]. The P distribution al-
ways sums to 1 but may display negativities, in which
case it is considered nonclassical. On the other hand,
P distributions that exhibit the properties of a classi-
cal, nonnegative probability distribution are considered
to have classical analogues.
Finally, we will also make references to linear optical
operations, which will require some clarification. Here,
we specifically take this term to refer to the set of passive
unitary optical operations that can be performed using
basic building blocks of beam splitters, phase shifters,
half and quarter wave plates as described in Ref [28]
supplemented with displacement operations, defined by
D(α) := e(αa
†−α∗a). In contrast, the most general lin-
ear transformation of the Bogoliubov type includes op-
erations such as squeezing operations, that can give rise
to highly nonclassical light. In our context, the defin-
ing property of such a linear optical operation is that if
the input quantum state is given by pure, classical light
of the form |~α〉 =
∣∣α1〉 . . . ∣∣αk〉, then the output state is
also pure and classical, i.e., if U is a unitary linear optical
operation, then U |~α〉 =
∣∣∣~β
〉
=
∣∣β1〉 . . . ∣∣βk〉.
III. EXAMPLE FOR PURE STATES
The key idea that we will present here is to prepro-
cess a general quantum state using an orthogonalization
procedure which shares some superficial similarities with
the Gram-Schmidt orthogonalization procedure from lin-
ear algebra. We first illustrate the process using some
orthogonal basis states, and show that this procedure,
when applied to an orthogonal basis, can be interpreted
as a generalization of the concept of coherence proposed
by Baumgratz et al. [10].
Consider some orthogonal basis {|i〉} with i = 1, . . . , N
in some N dimensional Hilbert space and some arbitrary
quantum state |ψ〉 =
∑
i ci |i〉. Without any loss in gen-
erality, we assume that the coefficients are in decreasing
order, so |ci| ≥ |ci+1|. We now describe a preprocessing
procedure. We define a CNOT type operation perform-
ing the operation Ui |i〉 |0〉 = |i〉 |i〉.
Suppose we perform a series of such CNOT type opera-
tions starting from the basis state with the largest overlap
with |ψ〉, so U = UN . . . U1. Applying this unitary, the
final result is the state U |ψ〉 =
∑
i ci |i〉 |i〉. We note that
the coherence with of U |ψ〉 in the basis {|i〉 |i〉} is the
same as the coherence of |ψ〉 in the basis {|i〉}. There-
fore, from the perspective of coherence, the preprocessing
procedure is completely superfluous, and the coherence
before and after the process is completely described by
the same coefficients ci.
In the above example, the unitary procedure turned
out to be extraneous because the initial basis states are
chosen to be orthonormal. However, when the initial
reference set of states is not an orthonormal set, such
as when the set of states considered are the coherent
states {|α〉}, then we see that the operation may not
be trivial. Suppose we have some initial pure state
|ψ〉. If one were to similarly define a series of CNOT
type operations as before, with the exception that the
control states are drawn from the non-orthonormal set
{|α〉}, we see that the resulting state will have the
form U |ψ〉 |0〉 =
∑
i c
′
i |α
′
i〉 |β
′
i〉, where the set of states
{|α′i〉 |β
′
i〉} will be orthonormal so long as 〈βi|βj〉 = δij .
We note that this orthogonality condition can always
be strictly enforced by an encoding across multiple spa-
tial/polarization modes, but for notational simplicity, we
will instead use some set of sufficiently well separated co-
herent states within a single mode, {|βi〉} , which can be
chosen to be arbitrarily close to orthonormal.
We now describe the orthogonalization procedure with
respect to the set of coherent states in detail. Fol-
lowing the same argument as above, let us define
|ψi〉 through the recursion relation |ψi〉 = |ψi−1〉 −
|αi−1〉 〈αi−1|ψi−1〉, where the coherent state |αi〉 satisfies
〈αi|ψi〉 = maxα′〈α′|ψi〉 and the initial state |ψ1〉 = |ψ〉 is
some given pure quantum state of interest.
Given some finite series of vectors {|αi〉} where i =
1, . . . , N , let the CNOT type unitary be defined to be
Uαi := |αi〉〈αi| ⊗ |βi〉〈0| + |αi〉〈αi| ⊗ |0〉〈βi| + (1 ⊗ 1 −
|αi〉〈αi| ⊗ |0〉〈0| − |αi〉〈αi| ⊗ |βi〉〈βi|). This definition es-
sentially performs the map Uαi |αi〉 |0〉 = |αi〉 |βi〉. From
this, we can construct the unitary map just as before:
UGS = UαN . . . Uα1 .
We will call UGS the Gram-Schmidt unitary, since it
performs an orthogonalization process. The end result is
some orthogonal subspace spanned by {|αi〉 |βi〉} where
i = 1, . . . , N . Within this N dimensional subspace, the
discrete finite dimensional formulation of coherence will
then apply.
3IV. GENERALIZATION TO MIXED STATES.
The following is a construction of UGS which will ap-
propriately generalize the definition for mixed states:
Definition 1 (Gram-Schmidt Unitary). For a given den-
sity matrix ρA, let ρ
(0)
AB = ρA ⊗ |0〉B 〈0|.
We now define
∣∣α(i)〉 to be some coherent
state achieving the optimal value Tr(
∣∣α(i)〉 〈α(i)| ⊗
|0〉B 〈0|ρ
(i)
AB) = maxαTr(|α〉A 〈α| ⊗ |0〉B 〈0|ρ
(i)
AB),
where ρ(i) := Uα(i−1)ρ
(i−1)U †
α(i−1)
and Uαi :=
|αi〉〈αi| ⊗ |βi〉〈0| + |αi〉〈αi| ⊗ |0〉〈βi| + (1 ⊗ 1 −
|αi〉〈αi| ⊗ |0〉〈0| − |αi〉〈αi| ⊗ |βi〉〈βi|) is a CNOT type
unitary. We assume that {|0〉 , |βi〉} forms some set of
mutually orthonormal vectors.
Let N > 1 be some integer. Then the following unitary:
U
(N)
GS = Uα(N) . . . Uα(0)
is called the N th Gram-Schmidt unitary. Note that in
general, U
(N)
GS depends on the state ρA.
In the case of degeneracy, where more than one coher-
ent state may achieve maxα Tr(|α〉A 〈α| ⊗ |0〉B 〈0|ρ
(i)
AB),
the choice of unitaries above is not necessarily unique.
To accommodate this, we will also define the set of all
possible choices of such unitaries S(N). We can also gen-
eralize to the case of multimode states by considering
| ~αi〉 :=
∣∣α1i 〉 . . . ∣∣αki 〉 in place of |αi〉, so that our treat-
ment here can be made as general as possible.
After the orthogonalization process, a pure state will
have the form U |ψ〉 |0〉 = c0 |ǫ〉 |0〉 +
∑N
i=1 ci |αi〉 |βi〉,
where the set of states {|αi〉 |βi〉} will be orthogonal. The
vector |ǫ〉 |0〉 represents the portion of the vector space
that is not orthogonalized by the Nth Gram-Schmidt
unitary., which we can always remove by projecting onto
the subspace spanned by {|αi〉 |βi〉}. We introduce the
following quantity:
Definition 2 (N -coherence). For some discrete finite
dimensional coherence measure C, we define the N -
coherence Cα for a pure state |ψ〉 to be:
Cα(|ψ〉 , N) = inf
U
(N)
GS
∈S(N)
C[Φ
(N)
GS (|ψ〉〈ψ|)]
where Φ
(N)
GS (ρ) = Π
(N)
GS (U
(N)
GS (ρ ⊗
|0〉〈0|)U
(N)†
GS )Π
(N)
GS /Tr(Π
(N)
GS (U
(N)
GS (ρ⊗ |0〉〈0|)U
(N)†
GS )Π
(N)
GS )
is called the N th Gram-Schmidt map. The projector
Π
(N)
GS :=
∑N
i=1 |αi〉〈αi|⊗|βi〉〈βi| is the projection onto the
N dimensional subspace spanned by {|αi〉 |βi〉} where the
vectors {|αi〉} and {βi} are the same vectors previously
defined in Definition 1. More generally, for any mixed
quantum state ρA, we employ the following definition:
Cα(ρA, N) = inf
(ρAE ,UGS)∈(E,S(N))
C[Φ
(N)
GS (ρAE)]
where E := {ρAE | TrρAE = ρA} is the set of exten-
sions of ρA. The coherence C is measured with respect to
the set of orthogonal vectors {|~αi〉 |βi〉} specified by U
(N)
GS .
In general, we allow the the coherence measure C to
be any finite dimensional coherence measure satisfying
the axioms listed in Ref. [10], with only one additional
requirement. The coherence measure C should be asymp-
totically continuous in the sense that if some state ρ has
infinitesimally small coherence, then it is infinitesimally
close to some incoherent state σ. That is, if we have some
sequence of states ρn such that limn→∞ C(ρn) = 0 then
for every ǫ > 0, there is some nmax such that for every
n > nmax, there exists some incoherent state σ
n such
that 12‖ρ
n − σn‖tr < ǫ. This is satisfied, for instance, by
both coherence measures introduced in Ref. [10]. This
is because both the l1 norm [31] and the relative en-
tropy [29] are lower bounded by the trace norm.
Next, we define the ǫ smoothed version of the above
quantity so as to consider states in the immediate vicinity
of the state of interest.
Definition 3 (ǫ smoothed N -Coherence). The ǫ-
smoothed N -Coherence for some ǫ > 0 is the quantity:
Cα(ρA, N, ǫ) := inf
ρ′
A
∈B(ρA,ǫ)
C(ρ′A, N)
where B(ρA, ǫ) = {ρ′A |
1
2‖ρ
′
A − ρA‖tr ≤ ǫ} is the ǫ ball
centred at ρA with respect to the trace norm.
Finally, the main figure of merit that we consider is
the following:
Definition 4 (α-coherence). The α-coherence is the lim-
iting value of the ǫ smoothed N -Coherence:
Cα(ρA) := lim
ǫ→0
lim
N→∞
Cα(ρA, N, ǫ).
In Definition 4, we have combined the finite dimen-
sional formulation of coherence with that of non-classical
systems of light. The α-coherence may therefore be in-
terpreted as the limiting case of the coherence identified
by Baumgratz et al. [10], optimized over state extensions
and all degenerate cases, if any. Coherence effects are
typically signs of non-classicality if an appropriate ba-
sis is chosen. It remains to be shown what kind of non-
classicality the above quantity measures. In the following
section, we will argue that the α-coherence is closely re-
lated to non-classicality in the sense of negative Glauber-
Sudarshan P distributions.
V. MAIN RESULTS
Here, we present the main properties of the α-
coherence and its relation to traditional notions of co-
herence in the quantum optics literature. We first prove
4that, for a given state ρA, a vanishing value of the α-
coherence is equivalent to the existence of a Glauber-
Sudarshan P distribution (referred to hereafter simply
as the P distribution) for ρA which is a probability den-
sity on the complex plane. A nonzero value of the α-
coherence is, therefore, an indicator of non-classicality.
Theorem 1. The α-coherence Cα(ρA) = 0 iff ρA is a
classical state.
Proof. Let ρA have P distribution PρA(α) which is the
density of a regular Borel probability measure on the
complex plane. By the density (in the weak-* topol-
ogy) of the Dirac point measures on the space of regular
Borel measures on C, it follows that given ǫ > 0 and a
continuous function f(α) on C that vanishes at infinity,
there exists a finite linear combination of point measures∑m
j=0 cjδ(α − αj), with cj > 0 and
∑m
j=0 cj = 1, such
that |
∫ (
PρA(α)−
∑m
j=0 cjδ(α− αj)
)
f(α)d
2α
π
| ≤ ǫ. In
terms of quantum states, this implies that the weak limit
limm→∞
∑m
j=0 cj |αj〉A 〈αj | =
∫
d2α
π
PρA(α) |α〉A 〈α| =
ρA. Because weak convergence and trace norm
convergence coincide on the set of quantum states
([33], Lemma 11.1), the sequence of classical states
ρ
(m)
A :=
∑m
j=0 cj |αj〉A 〈αj | converges to ρA in trace
norm. For each m, ρ
(m)
A permits an extension ρ
(m)
AE =∑m
j=0 cj |αj〉A 〈αj | ⊗
∣∣α′j〉E 〈α′j |, where 〈α′i|α′j〉 = δij , so
the extension is diagonal with respect to an orthogonal
basis {|αj〉A
∣∣α′j〉E}j=0,...,m. Therefore, the m-coherence
of ρ
(m)
AE is zero; in fact, Cα(ρ
(m)
AE , N) = 0 for every N .
By the above construction, the sequence ρ
(m)
AE satisfies
limm→∞ TrE(ρ
(m)
AE ) = limm→∞ ρ
(m)
A = ρA. By of the
contractivity of the trace distance under partial trace and
the assumed continuity of the coherence measure C, we
have Cα(ρA) = 0.
To prove the converse, first suppose that Cα(ρA) = 0.
By the definition of α-coherence, there exists a sequence
of extensions ρ
(n)
AE such that as n → ∞ and N → ∞,
C(Φ
(N)
GS (ρ
(n)
AE)) → 0 and TrE(ρ
(n)
AE) → ρA. Therefore, for
any ǫ′ > 0, for sufficiently large n, there exists some
value Nmax such that for every N > Nmax, we have
C(Φ
(N)
GS (ρ
(n)
AE)) < ǫ
′. Since the N -coherence is arbitrarily
small for sufficiently large n and N , this further implies
that for every ρ
(n)
AE , where n is sufficiently large, there
exists some state σ
(n)
AE in a small trace norm neighborhood
of ρ
(n)
AE that is incoherent (i.e., σ
(n)
AE =
∑
j cj |αj〉A 〈αj | ⊗∣∣~α′j〉E 〈~α′j |, with 12‖ρ(n)AE − σ(n)AE‖tr < ǫ′′ for an ǫ′′ > 0).
If we were to choose n such that for every n > nmax
for some nmax, TrE(ρ
n
AE) ∈ B(ρA, ǫ/2), and also choose
ǫ′′ = ǫ/2, we will have TrE(σ
n
AE) ∈ B(ρA, ǫ). As TrEσ
(n)
AE
has a P distribution which is a regular Borel measure
on C, i.e., it is classical, and the set of classical states
is closed and contains no isolated points [32], ρA is also
classical, which completes the proof.
In quantum optics, the nonclassical character of a
quantum state is usually manifest in the measurement
statistics of moments of the quadrature or number oper-
ators. Specifically, a classical P distribution constrains
these correlation functions to satisfy linear or nonlinear
inequalities, depending on the nonclassical features of in-
terest [20, 34]. Theorem 1 extends the general opera-
tional content of the fact that a quantum state associated
with a P distribution that is a bona fide probability dis-
tribution fails to exhibit nonclassical characteristics. It
implies that if a quantum system is described by a state
that is indistinguishable from a classical state, then it
is impossible to extract any non-classical resource from
the system by using the free operations of the coherence
resource theory in which the resource is measured by C.
We now consider a possible resource theory where the
“free” operations are linear optical operations, which we
define as operations achievable using some combination
of linear optical elements such as beam splitters, phase
shifters, half and quarter wave plates. Concatenations of
these elementary operations forms the most readily avail-
able set of operations for manipulating quantum light
in the laboratory today. These elements can address
both the spatial and polarization degrees of freedom of
light. In addition, we also allow for displacement oper-
ations as well as additional “free” resources in the form
of classical ancillas, where classicality means classical P-
distributions.
Definition 5 (Linear optical maps). A quantum map
ΦL is called a linear optical map/operation if
ΦL(ρA) = TrE(ULρA ⊗ σEU
†
L)
where UL is some unitary implementable by linear op-
tical elements such as beam splitters, phase shifters, half
and quarter wave plates as well as single mode displace-
ment operations. σE is some classical, possibly multi-
mode ancillary system.
A set of Kraus operators {Ki} satisfying
∑
iK
†
iKi = 1
with corresponding POVM elements K†iKi representing
some classical measurement outcome i is called a linear
optical measurement if classical measurement outcomes
can be obtained via a linear optical map, i.e. there exists
UL and classical ancilla σE and some set of orthogonal
vectors {|α′i〉E′} such that
TrE(ULρA ⊗ σEE′U
†
L) =
∑
i
piρ
i
A ⊗ |α
′
i〉E′ 〈α
′
i|
for some density matrices ρiA, where piρ
i
A := KiρAK
†
i
and pi := Tr(KiρAK
†
i )
Before we proceed further, we first make the follow-
ing observation which will prove useful in the subsequent
proofs:
Proposition 1. For any quantum state ρA and any clas-
sical quantum state σB
5Cα(ρA ⊗ σB) = Cα(ρA)
Proof. Suppose Cα(ρA) = C. This implies that that
there exists some sequence of extensions such that ρnAE
satisfying limn→∞Tr(ρ
n
AE) = ρA, such that for any
ǫ > 0, there exists sufficiently large n and N such
that |C(Φ
(N)
GS (ρAE)) − C| ≤ ǫ. If σB is a classi-
cal state, then there exists some sequence of states
σmBE′ satisfying limm→∞ Tr(σ
m
BE′ ) = σB such that for
sufficiently large m and every M , C(Φ
(M)
GS (σ
m
BE′)) =
0, so σmBE′ =
∑
i c(i) |αi〉B 〈αi| ⊗ |~α
′
i〉E′ 〈~α
′
i| and
〈αi|αj〉B〈~α
′
i|~α
′
j〉E′ = δij . As a result, we have
C(Φ
(N)
GS (ρ
n
AE⊗σ
n
BE′)) = C(Φ
(N)
GS (
∑
i c(i)ρ
n
AE⊗|αi〉B 〈αi|⊗
|~α′i〉E′ 〈~α
′
i|)) =
∑
i c(i)C(Φ
(N)
GS (ρ
n
AE)) = C(Φ
(N)
GS (ρ
n
AE)) ,
where the second inequality comes about because ρAE ⊗
|αi〉B 〈αi| ⊗ |~αi〉E′ 〈~αi| occupies orthogonal subspaces for
different values of i. Therefore, there exists a sequence
such that limn→∞TrEE′(ρ
n
AE ⊗ σ
n
BE′) = ρA ⊗ σB and
C(Φ
(N)
GS (ρ
n
AE ⊗ σ
n
BE′)) = C(Φ
(N)
GS (ρ
n
AE)), which implies
Cα(ρA ⊗ σB) = Cα(ρA) if σB is classical.
We can then consider a resource theory based on the
non-classical P distributions and linear optical opera-
tions.
Definition 6. We call Q a non-classicality measure if
the following conditions are satisfied:
1. Q(ρ) = 0 iff ρ is classical.
2. (a) (Weak monotonicity) Q is monotonically de-
creasing under linear optical operations ΦL,
i.e. Q(ρA) ≥ Q(ΦL(ρA)).
(b) (Strong monotonicity) Let {Ki} be a set of
Kraus operators corresponding to a linear op-
tical measurement with outcomes i. Then Q is
non-increasing when averaged over measure-
ment outcomes i, i.e. Q(ρ) ≥
∑
i piQ(ρi)
where pi := Tr(K
†
iKiρ) and ρi :=
1
pi
KiρK
†
i .
3. Q is convex, i.e. Q(
∑
i piρi) ≤
∑
i piQ(ρi)
We have the following result:
Theorem 2. The α-coherence is a non-classicality mea-
sure.
Proof. The first condition is already proven.
We now prove weak monotonicity. Consider the state
ρA. Suppose Cα(ρA) = C. This implies that that
there exists some sequence of extensions such that ρnAE
satisfying limn→∞Tr(ρ
n
AE) = ρA, such that for any
ǫ > 0, there exists sufficiently large n and N such
that |C(Φ
(N)
GS (ρAE)) − C| ≤ ǫ. Consider the linear map
ΦL(ρA) = TrE′(ULρA ⊗ σE′U
†
L). By definition, σE′ has
a classical P distribution, so there exists some sequence
of states satisfying limm→∞Tr(σ
m
E′E′′) = σE′ such that
for sufficiently large m and every M , C(Φ
(M)
GS (σ
m
E′E′′)) =
0, so σmE′E′′ =
∑
i c(i) |αi〉E′ 〈αi| ⊗ |~α
′
i〉E′′ 〈~α
′
i| and
〈αi|αj〉B〈~α′i|~α
′
j〉E′ = δij . From Proposition 1, we know
that the sequence ρnAE ⊗ σ
n
E′E′′ satisfies C(Φ
(N)
GS (ρ
n
AE ⊗
σnE′E′′)) = C(Φ
(N)
GS (ρ
n
AE)) and limn→∞TrEE′E′′(ρ
n
AE ⊗
σnE′E′′) = ρA. We also note that the unitary operation
does not change the coherence, so that C(Φ
(N)
GS (ULρ
n
AE ⊗
σnE′E′′U
†
L)) = C(Φ
′(N)
GS (ρ
n
AE ⊗ σ
n
E′E′′)). This is because
unitary linear operations always map products of coher-
ent states to another product of coherent states UL |~α〉 =
|~α′〉. As a consequence the linear operations simply
transforms the CNOT type operations to another CNOT
type unitary: U †LU~αUL = U ~α′ . Since the sequence
ULρ
n
AE⊗σ
n
E′E′′U
†
L is in general, a suboptimal sequence of
states satisfying limn→∞TrEE′E′′(ULρ
n
AE ⊗σ
n
E′E′′U
†
L) =
ΦL(ρA), we must have Cα(ρA) ≥ Cα(ΦL(ρA)), which
proves weak monotonicity.
The proof of strong monotonicity proceeds similarly.
Following from the argument for weak monotonicity,
we suppose the linear optical measurement is imple-
mented via the map ΦL(ρA ⊗ σE′E′′) = TrE′(ULρA ⊗
σE′E′′U
†
L) =
∑
i τ
i
A ⊗ |α
′
i〉E′′ 〈α
′
i| and τ
i
A = KiρAK
†
i ,
where {|α′i〉E′′} is an orthogonal set. As before, con-
sider the sequence of extensions such that ρnAE satisfying
limn→∞Tr(ρ
n
AE) = ρA, such that for any ǫ > 0, there ex-
ists sufficiently large n and N such that |C(Φ
(N)
GS (ρ
n
AE))−
C| ≤ ǫ. Since σE′E′′ is classical, there exists some se-
quence of states satisfying limm→∞TrE′′′ (σ
m
E′E′′E′′′ ) =
σE′E′′ such that for sufficiently large m and ev-
ery M , C(Φ
(M)
GS (σ
m
E′E′′E′′′)) = 0, so σ
m
E′E′′E′′′ =∑
i c(i) |~α
′
i〉E′E′′E′′′ 〈~α
′
i| and 〈~α
′
i|~α
′
j〉E′E′′E′′′ = δij .
The above unitary does not change the coherence,
so C(Φ
(N)′
GS (ρ
n
AE ⊗ σ
n
E′E′′E′′′)) = C(Φ
(N)
GS (ULρ
n
AE ⊗
σnE′E′′E′′′U
†
L)). Consider now the sequence of states
τnAE′E′′E′′′ := ULρ
n
AE ⊗ σ
n
E′E′′E′′′U
†
L and τ
n
AE′′E′′′ :=
TrE′(ULρ
n
AE ⊗ σ
n
E′E′′E′′′U
†
L). From the definition
of a linear optical measurement, the subsystem E′′
stores classical orthogonal measurement outcomes, so
τnAE′′E′′′ =
∑
i τ
n,i
AE′′′ ⊗ |α
′
i〉E′′ 〈α
′
i|. Observe that
limn→∞TrE′′′(τ
n,i
AE′′′ ) = KiρAK
†
i = piρ
i
A, so τ
n
AE′′E′′′
and hence τnAE′E′′E′′′ are in fact a sequences of exten-
sions approaching the state
∑
i piρ
i
A ⊗ |α
′
i〉E′′ 〈α
′
i|. Since
this sequence of states is not necessarily optimal, we have
that Cα(ρA) ≥ Cα(
∑
i piρ
i
A⊗|α
′
i〉E′′ 〈α
′
i|) =
∑
i piCα(ρ
i
A⊗
|α′i〉E′′ 〈α
′
i|) =
∑
i piCα(ρ
i
A). In the last equality, we used
the fact that |α′i〉 specifies orthogonal subspaces for dif-
ferent i. This is sufficient to prove strong monotonicity.
The only thing that remains to be proven is convex-
ity. Let ρn,iAE be the sequence of extensions of the set
of states ρiA satisfying limn→∞Tr(ρ
n,i
AE) = ρ
i
A, such that
for any ǫ > 0, there exists sufficiently large n and N
such that |C(Φ
(N)
GS (ρ
n,i
AE)) − Cα(ρ
i
A)| < ǫ for every i. It is
clear that the state C(Φ
(N)
GS (
∑
i piρ
n,i
AE⊗
∣∣α′n,i〉E′ 〈α′n,i|)) =
6∑
i piC(Φ
(N)
GS (ρ
n,i
A )) when {|α
′
i〉E′} is an orthogonal set,
which implies
∑
i piCα(ρ
i
A) ≥ Cα(
∑
i piρ
i
A) since the
sequence ρn,iAE ⊗
∣∣α′n,i〉E′ 〈α′n,i| may be suboptimal for
Cα(
∑
i piρ
i
A). This proves convexity.
VI. EXAMPLES
Here, we present some numerical plots of the α-
coherence for some important classes of pure states. For
pure states in particular, the optimization is much sim-
pler as the only possible extensions are trivial, thus al-
lowing us to sidestep part of the optimization involved
in Definition 4. For the examples considered, we will
employ the relative entropy of coherence [10] as our co-
herence measure.
In Fig 1 we see a comparison of the α-coherence for the
even and odd cat states |α〉 ± |−α〉, Fock states |n〉, and
squeezed states S(ξ) |0〉 with a real squeezing parame-
ter ξ. We see that for both Fock states and squeezed
states, the α-coherence monotonically increases, indicat-
ing strong nonclassicality as is expected. In the case of
odd cat states, we see strong nonclassicality in the re-
gion where α ≈ 0. This is because in the limit α → 0+,
we know that the odd cat approaches the single photon
state, an archetypical example of nonclassical light. In
contrast, for the even cat states, as α → 0+, the state
approaches the vacuum, which is classical, and this is re-
flected in a vanishing α-coherence. It is interesting to
note that non-classicality peaks most strongly in the re-
gion α = 1. We interpret this as a signature of the infi-
nite dimensional nature of the underlying Hilbert space,
as the state tends towards a 2 dimensional superposition
as α→∞. We also note that in the limit α→∞, the α-
coherence asymptotically tends towards a constant value,
in contrast to a macroscopicity measure [30] which will
increase with the separation α.
We also consider things from the point of view of ef-
ficiency. Fig 2 is a numerical plot of the nonclassicality
for a given mean particle number. We see that the Fock
states are the most nonclassical states on a per particle
basis over the region considered, which is again not un-
expected due to the granular nature of this form of light.
VII. OTHER POSSIBLE MEASURES
Here, we consider another possible measure of non-
classicality based on the negative volume of the P distri-
bution. In the most general case, negativities in the P
distribution can come in the form of regular continuous
functions, which are directly accessible, or singularities.
Suppose we restrict ourselves to the case where the P dis-
tribution is a regular continuous function. We can then
consider the following:
Definition 7 (Negativity). Let the P distribution of the
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FIG. 1. Coherence measure C(ρ) = S(ρdiag) − S(ρ) for pho-
tonic states. (a) Even(solid line) and odd(dotted line) cat
states |α〉± |−α〉, (b) Fock states |n〉, and (c) squeezed states
S(ξ) |0〉 are compared. For cat states, the degree of coher-
ence approaches to log 2, which is the maximum coherence
for qubit states when α approaches infinity. Degrees of coher-
ence for Fock states and squeezed states increase as a photon
number n and squeezing parameter ξ increase.
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FIG. 2. Coherence measure C(ρ) = S(ρdiag) − S(ρ) for pho-
tonic states. Even(solid line) and odd(dotted line) cat states
|α〉 ± |−α〉, Fock states(circular points) |n〉, and squeezed
states(dashed-dotted line) S(ξ) |0〉 are compared. Coherence
of the states are plotted for given mean photon numbers
〈n〉 = 〈a†a〉. For cat states, the degree of coherence ap-
proaches to log 2, which is the maximum coherence for qubit
states when α approaches infinity. Degrees of coherence for
Fock states and squeezed states increase as a photon number
n and squeezing parameter ξ increase, respectively.
of the state ρ be given by p(α) where p(α) is a regular
function. Let N = {α | p(α)  0}, then then the quan-
tity:
C−(ρ) = −
∫
N
d2α p(α)
is called the negativity of the P distribution.
The following result shows that both the α-coherence
and the negativity of the P distribution belong to similar
resource theories, which further supports the argument
that the α-coherence is closely related to negativities in
the P distribution.
Theorem 3. Suppose for some ρ, C−(ρ) is finite inte-
grable. Then C− is a non-classicality measure with respect
to the set of states with positive P distributions.
Proof. It is obvious that if p(α) ≥ 0 for all α, then the
P distribution is classical and C−(ρ) = 0. So the first
condition is automatically satisfied.
For weak monotonicity, observe that a linear map al-
ways maps a state with classical P distribution to another
state with classical P distribution. Therefore, we must
7have ΦL(|α〉 〈α|) =
∫
d2α′ rα(α
′) |α′〉 〈α′| where rα(α′) is
some classical P distribution. Let ρ =
∫
d2α p(α)|α〉〈α|
where p(α)d2α is a signed measure with density p(α)
(the existence of such an expression follows from the fact
that the set of finite linear combinations
∑m
j=0 cj |αj〉 〈αj |
is trace norm dense in the set of quantum states [35]).
By the Hahn decomposition theorem, we de-
fine the positive subset P = {α | p(α) ≥
0} and the negative subset as N = {α |
p(α) ≤ 0}, so ρ =
(∫
P
+
∫
N
)
d2α p(α)|α〉〈α|
and ΦL(ρ) =
(∫
P
+
∫
N
)
d2α p(α)ΦL(|α〉〈α|) =(∫
P
+
∫
N
)
d2α p(α)
∫
d2α′ rα(α
′) |α′〉 〈α′|. Since rα(α′)
is classical and hence always non-negative, we must
have that C−(ΦL(ρ)) ≤ −
∫
N
d2α
∫
d2α′ p(α)rα(α
′) =
−
∫
N
d2α′ p(α) = C−(ρ), which proves weak monotonic-
ity.
We now prove strong monotonicity. Recall the
definition of a linear optical measurement. Let
ρA =
∫
d2α p(α)|α〉〈α| where p(α) may be non-
classical. Any linear optical measurement may
be performed by a linear optical unitary opera-
tion with classical ancilla: ULρA ⊗ σEE′U
†
L =
UL
∫
d2α p(α) |α〉A 〈α| ⊗
∫
d2Mα′r(~α′) |~α′〉EE′ 〈~α
′|U †L =∫
d2αd2M ~α′p(α)r(~α′)UL |α, ~α′〉AEE′ 〈α,
~α′|U †L. r(~α
′) is a
classical non-negative distribution over M modes. Since
UL is a linear optical unitary, it always maps a product of
coherent states to another product of coherent states, so
we can write UL |α, ~α′〉AEE′ =
∣∣∣β(α, ~α′), ~β′(α, ~α′)
〉
AEE′
.
Since UL implements a linear optical measure-
ment, there must exist projectors |γi〉E′ 〈γi| on the
subsystem E′ such that piρi = TrEE′(ULρA ⊗
σEE′U
†
L1 E ⊗ |γi〉E′ 〈γi|). Expanding this expression,
we get piρi =
∫
d2αd2M ~α′p(α)r(~α′)〈~β′(α, ~α′)|(1 E ⊗
|γi〉E′ 〈γi|)
∣∣∣~β′(α, ~α′)
〉
EE′
|β(α, ~α′)〉A 〈β(α, ~α
′)|. We see
that since the terms r(~α′) and 〈~β′(α, ~α′)|(1 E ⊗
|γi〉E′ 〈γi|)
∣∣∣~β′(α, ~α′)
〉
EE′
in the integral are both non-
negative, we can upper bound the negativity of ρi by
simply integrating over the entire negative subset of p(α),
regardless of the measurement outcomes i. As a result,
we can write
∑
i
piC−(ρi)
≤ −
∫
N
d2αd2M ~α′p(α)r(~α′)×
〈~β′(α, ~α′)|(1 E ⊗
∑
i
|γi〉E′ 〈γi|)
∣∣∣~β′(α, ~α′)
〉
EE′
≤ −
∫
N
d2αd2M ~α′p(α)r(~α′) = C−(ρ)
where the last inequality is because the sum
〈~β′(α, ~α′)|(1 E ⊗
∑
i |γi〉E′ 〈γi|)
∣∣∣~β′(α, ~α′)
〉
EE′
is a sum of
probability outcomes. This is proves strong monotonic-
ity.
Convexity is also guaranteed. Let p(α) and q(α) be
the P distributions of ρ and σ respectively. The P distri-
bution of the mixture rρ+(1−r)σ is rp(α)+(1−r)q(α).
Since −
∫
N
d2α(rp(α) + (1− r)q(α)) = −r
∫
N
d2α q(α)−
(1 − r)
∫
N
d2α q(α) ≤ rC−(ρ) + (1 − r)C−(σ), C− must
be convex. The inequality occurs because the the largest
negative set N for for mixture may be suboptimal for the
individual states ρ and σ.
Still other possible measures of nonclassicality mea-
sures can also be constructed. For instance, we can also
consider geometric measures of nonclassicality. Suppose
we have some distance measure D(ρ, σ) over the Hilbert
space that is monotonically decreasing under quantum
operations over both its arguments. Then it is immedi-
ately clear that the quantity infσ∈P+ D(ρ, σ), where the
optimization is over all classical states, will satisfy at least
the weak monotonicity condition laid out in Definition 6.
VIII. CONCLUSION.
In this paper, we described a general procedure that
allows us to quantify the superposition amongst any com-
plete set of quantum states, whether they are orthogonal
or not. The key insight here is that the scheme laid
out by by Baumgratz et al. [10] can be generalized via a
reasonably motivated orthogonalization procedure. This
orthogonalization procedure is then applied to the set of
coherent states as a special case and the resulting coher-
ence measure, the α-coherence, is shown to identify inco-
herent states with nonclassical states in the sense of the
Glauber-Sudarshan P distribution. This demonstrates
that states with nonclassical P distributions are essen-
tially the limiting case of the same quantum resources
identified in [10], when the incoherent basis is chosen as
the set of coherent states. The α-coherence also belongs
to a class of resource theoretic nonclassicality measures
that we refer to as a linear optical resource theory. This
strongly implies that linear optical monotones are appro-
priate measures of the nonclassicality of light. The results
also suggest possible deeper connections between incoher-
ent operations and linear optical elements that opens up
potentially interesting new lines of investigation.
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